Generalized Einstein theory with fundamental cosmological stress tensor by Anderson, Arlen
ar
X
iv
:g
r-q
c/
99
02
02
7v
1 
 1
0 
Fe
b 
19
99
Generalized Einstein theory with fundamental cosmological stress tensor
Arlen Anderson
Dept. Physics and Astronomy, Univ. North Carolina, Chapel Hill NC 27599-3255
(Feb. 10, 1999)
IFP-UNC-529
gr-qc/9902027
Careful analysis of parametrized variational principles in mechanics and field theory leads to a
generalization of Einstein theory that includes a cosmological stress tensor. This generalization also
follows by restricting variations of the metric in the Hilbert action to spacetime diffeomorphisms.
The equation of motion for the generalized theory is the twice-contracted Bianchi identity while the
field equations constitute the stress tensor of the theory. Gravity is interpreted as a cosmological
fluid.
The cosmological constant is popularly regarded as
a “fudge factor” and as Einstein’s “biggest blunder.”
Careful reexamination of variational principles for para-
metrized theories, prompted by recent results on a mod-
ified action principle for general relativity [1], leads to
a surprising conclusion that challenges this perception:
the parametrized variational principle for general rela-
tivity, and hence Einstein theory itself, should be gener-
alized to include not simply a fundamental cosmological
constant but a cosmological stress tensor. In particular,
the Hamiltonian and momentum densities of the gravi-
tational field are not constrained to vanish, even in vac-
uum. This might appear to be a radical conclusion, but it
is in fact a straightforward consequence of a compelling
approach to parametrized particle mechanics and field
theory that originates in work of Kucharˇ [2,3]. While
motivated by entirely different considerations, some re-
lated conclusions have been reached previously by efforts
to incorporate the cosmological constant into general rel-
ativity by treating it as an integration constant [4,5].
There has been virtually unanimous agreement follow-
ing the pioneering work of Dirac [6] and of Arnowitt,
Deser and Misner [7] (ADM) that general relativity is
an “already parametrized” theory: the Hamiltonian and
momentum densities in the action are multiplied by La-
grange multipliers, the lapse and shift, that when var-
ied produce the Hamiltonian and momentum constraint
equations. The crucial assumption that is altered here
is the identification of the lapse and shift as Lagrange
multipliers. In the context of particle mechanics and
field theory, I show instead that the lapse and shift are
more naturally identified as parameters, arbitrarily speci-
fied, that set coordinates in a fixed background metric by
parametrizing the basis one-forms. A true Lagrange mul-
tiplier (absent from the conventional formulation of gen-
eral relativity) is needed to impose the definition of these
parameters. This Lagrange multiplier is identified with
the energy in particle mechanics and with the stress ten-
sor in field theory. The parametrized action for Einstein
theory, being a field theory, thus involves a (divergence-
free) stress tensor Λµν , even in the absence of matter.
Variation of the coordinate-fixing parameters gives
Gµν =
1
2
Λµν . (1)
An equivalent way to reach this generalization of Ein-
stein theory is to argue that the four-metric should not
be freely varied in the Hilbert action but restricted to
variations corresponding to (active) spacetime diffeomor-
phisms. This is sensible because free variation can take
the metric out of the allowed configuration space, for
example, by changing the signature, while spacetime dif-
feomorphisms reach all locally accessible configurations.
The equations of motion that follow from this variation
are well known to be the twice-contracted Bianchi iden-
tities. A divergence-free stress tensor can be subtracted
from these identities without affecting their validity, and
this gives
∇µ(Gµν −
1
2
Λµν) = 0, (2)
where ∇µ is the spacetime covariant derivative.
From this perspective, general relativity can be inter-
preted as a theory of a cosmological fluid with stress ten-
sor (1) and equations of motion (2). These equations
are not a hyperbolic system as they stand. The spatial
stresses must be determined in order for the equations
of motion to be definite. Simply specifying the stresses
everywhere on spacetime presumes too much prior knowl-
edge. Fortunately, the example of fluid mechanics sug-
gests a resolution of the difficulty. The fluid equations
of motion are also of the form ∇µTµν = 0. The spa-
tial stresses are determined by imposing an equation of
state in the rest frame of the fluid to relate pressure and
density. Similarly imposing an equation of state for the
cosmological fluid of gravity completes this generalization
of Einstein’s theory.
Just as in the case of fluids, a preferred background—
the rest frame of the fluid—is implicit to make the split
between spatial and temporal components. In the cos-
mological context, it is natural to conjecture that this
preferred frame is the rest frame of the cosmic microwave
background radiation. It should be emphasized that the
existence of a preferred frame in no way detracts from the
spacetime covariance of the theory. Indeed, it is space-
time covariance that leads to the recognition that the
1
Lagrange multiplier must be a two-index tensor. The
equations (1) are first integrals of (2) in a suitable sense
and justify the identification of the temporal components
of the Einstein tensor as energy and momenta.
The theoretical possibility of a nonzero cosmological
stress tensor has many applications. To name two, it
may serve as an exotic source of energy density in the
universe, and it might resolve the problem of time in
quantum gravity. Recent experimental evidence from su-
pernovae [8] support the conclusion that the energy den-
sity of the universe does not arise solely from conventional
matter and radiation. To account for this missing mass,
cosmologists have been considering alternative sources of
energy density, such as a nonzero cosmological constant
[9] or exotic matter [10]. A cosmological stress tensor
can fill this role without the need for new types of mat-
ter (which could only be observed indirectly in any event)
while allowing for flexibility in the equation of state.
One aspect of the problem of time in quantum grav-
ity is that a vanishing Hamiltonian density precludes the
existence of an external time variable. In the Dirac ap-
proach, the Hamiltonian constraint is applied as an oper-
ator constraint on states. For a self-adjoint Hamiltonian,
the ostensible Heisenberg equation of motion leads to the
“frozen formalism” in which observables do not evolve in
an external time. In the unimodular approach to quan-
tum gravity [5], the Hamiltonian density does not vanish
but is proportional to the cosmological constant Λ, which
is interpreted as an energy eigenvalue. An external cos-
mological time (cf. also [11]), conjugate to Λ, is intro-
duced as an external time, and a Schro¨dinger equation for
the wavefunction of the universe results. Similar results
follow from the assertion that the ADM action supple-
mented by the cosmological constant is a Jacobi action
[14]. (Evidence regarding this conjecture is given below.)
These approaches foundered when Kucharˇ pointed out
[12] that the cosmological constant does not have enough
degrees of freedom to be conjugate to the many-fingered
time of a field theory. The cosmological stress tensor here
overcomes this objection, and the basic argument of [5]
may be carried through [13].
We begin with a discussion of the parametrized parti-
cle. Consider the Hamiltonian form of the action (Hamil-
ton’s principal function [15]) for a particle with time-
independent Hamiltonian in 0+1 dimensions
S =
∫ τ ′′
τ ′
[p∂τ q −H(p, q)]dτ. (3)
The metric here is ds2 = −dτ2. This metric can
be parametrized by introducing the coordinate time t
through a parametrization of the basis one-form dτ ,
dτ = N(t)dt. Changing variables from τ to t in the
action (3) gives
S =
∫ t′′
t′
[p∂tq −H∂tτ ]dt (4)
=
∫ t′′
t′
[p∂tq −NH ]dt. (5)
Varying N in (5) leads to the absurd conclusion H = 0.
On the other hand, were τ varied in (4), a correct re-
sult, dH/dt = 0, would be found. This realizes Noether’s
theorem for time reparametrization invariance (cf. [16]).
The error made by varying N in (5) is that N is not
free but restricted to equal dτ/dt from parametrization of
the metric. The relation N = dτ/dt must be enforced in
the variational principle by imposing it with a Lagrange
multiplier pτ . This gives
S =
∫ t′′
t′
[p∂tq −NH − p
τ (∂tτ −N)]dt (6)
This in turn can be read as an action on an extended
phase space of (q, p) and (τ,−pτ ), with a constraint
H − pτ = 0 serving to determine the new degree of free-
dom pτ in the phase space. In the language of Kucharˇ,
τ corresponds to an “embedding” variable that describes
how a “slice” is embedded in spacetime as a function
of the coordinate t. This derivation differs from the
standard argument (e.g. [3]) in which one replaces H in
(4) by a momentum −pτ and then imposes the relation
H + pτ = 0 with a Lagrange multiplier N .
Further understanding follows upon exploiting the ob-
servation that τ is a cyclic variable that can be eliminated
from the action by Routh’s procedure [16]. Add the in-
tegral of the total derivative ∂t(p
τ τ) to S to obtain
W = S + [pττ ]|
t′′
t′ (7)
=
∫
[p∂tq + τ∂tp
τ −N(H − pτ )]dt.
Integrating the equation of motion ∂tp
τ = 0 gives pτ = E
and leads to the reduced action
W = S + E(τ ′′ − τ ′) =
∫ t′′
t′
[p∂tq −N(H − E)]dt. (8)
This is Hamilton’s characteristic function [15], and it is
equivalent to Jacobi’s action [16].
This form of the action (8) is similar to (5) but differs
significantly by a total derivative (surface term). N is
now free to be varied, and the correct result H = E is
found. This is the “integrated” form of Noether’s theo-
rem for time reparametrization invariance.
To continue this analysis in field theory, we begin in
a basis adapted to the foliation and then parametrize
the metric. For an ADM-like treatment, the metric is
(partially) parametrized as
ds2 = −(ω0)2 + gabω
aωb (9)
= −N2(dt)2 + gij(dx
i + βidt)(dxj + βjdt),
where N is the lapse and βi is the spatial shift vector.
Clearly, parametrizing the metric is parametrizing the
basis 1-forms,
2
ωα = n(α)µ dx
µ, (10)
where α = (0, a), µ = (t, i), and dxµ is the basis 1-form of
a coordinate frame but could be a general 1-form. This
is the analog of dτ = N(t)dt in the particle case. It is
more general than Kucharˇ’s embedding variable descrip-
tion because ωα may not be the exterior derivative of a
scalar coordinate function. Note that N and βk simply
adjust the coordinate description of the reference frame
ωα, thus the frame is fixed in the sense that it does not
change when N and βk are varied.
The coordinate-free condition one must impose is
eα(ω
α − n(α)µ dx
µ) ≡ dP − eαn
(α)
µ dx
µ = 0. (11)
Here,
dP ≡ eαω
α (12)
is Cartan’s unit tensor [17], where P may be understood
as a point on the manifold and dP is loosely its exte-
rior derivative. While not strictly speaking an exterior
derivative, dP shares certain properties with true exte-
rior derivatives. In particular, d2P vanishes (equivalent
to vanishing torsion) while under the action of an in-
finitesimal diffeomorphism
δξdP ≡ £ξ(eaω
a) = d(eaξ
a) ≡ dδξP . (13)
where £ξ = diξ+iξd is the Lie derivative along the space-
time vector ξ and iξ is the interior product with ξ. Thus,
an active infinitesimal diffeomorphism acts by moving
points P on the manifold.
The parametrization condition is imposed using a La-
grange multiplier ⋆T∗, the double dual of the (1, 1) form
T = eαT
α
βω
β, where ∗ is the Hodge dual for forms and
⋆ is its analog for antisymmetric products of vectors. In
components, one has
⋆T∗ = (1/36)eγ ∧ eδ ∧ eλǫ
αγδλTα
βǫβρστω
ρ ∧ ωσ ∧ ωτ .
The parametrization-fixing action is
Sp =
∫
⋆[⋆T∗ ∧ (dP − eαn
(α)
µdx
µ)]. (14)
(The second overall ⋆ converts an antisymmetric product
of four basis vectors to a scalar.) In coordinates this is
Sp =
∫
Tα
βd3Σβ ∧ (ω
α − n(α)µ dx
µ), (15)
where d3Σβ = (1/6)ǫβρστω
ρ ∧ ωσ ∧ ωτ .
Before imposing parametrization with (14), simply
change variables between the different forms of the metric
(9) in the covariant field theory action,
SM =
∫
Lω4 =
∫
[πA∂0φA −H]ω
4, (16)
where L is the Lagrangian density of the field, A is a
multi-index allowing for a general set of fields with arbi-
trary index structure, πA ≡ δL/δ∂0φA is the momentum
conjugate to φA, and ω
4 = ω0 ∧ ω1 ∧ ω2 ∧ ω3. Note that
L is a four-density while π and H are three-densities. In
the foliation-adapted metric, the action becomes
SM =
∫
[πA∂tφA −NH− β
kHk]d
4x (17)
where N∂0 = ∂t − β
k∂k (∂k = ∂/∂x
k), and H and Hk =
πA∂kφA are three-densities.
Were N varied in (17), we would find the absurd re-
sult that the energy density vanishes, H = 0; this is an
error [3]. Similarly, variation of βk in (17) would im-
ply that the momentum density vanishes Hk = 0. As in
the particle example, the problem is that N and βk are
not truly free. They arise in parametrizing the metric
through (11), and proper account of this fact must be
taken. Kucharˇ attempts this through his introduction of
the embedding variables [2,3], but this puts an emphasis
on coordinate functions that can lead one to misjudge
the number of parameters introduced in (10).
Varying N and βk is a passive spacetime diffeomor-
phism since they merely change coordinates on a fixed
background. If instead an infinitesimal variation (ac-
tive spacetime diffeomorphism) were made directly on
the metric dependence in (16),
δξg
αβ = −∇αξβ −∇βξα, (18)
the correct result of Noether’s theorem would be found
∇α
δL
δgαβ
= 0. (19)
As in the particle analog—dH/dt = 0—an integration
“constant,” or zero-mode, may be added to this. Here it
is a symmetric divergence-free tensor density, the stress-
tensor Tαβ,
∇α(
δL
δgαβ
+
1
2
(−4g)1/2Tαβ) = 0, (20)
where 4g = det 4gαβ is the determinant of the 4-metric.
(Of course, Tab generally isn’t constant.) This result may
be obtained directly by varying the parametrization-fixed
action S = SM − Sp using (13) and (18).
Fixing the parametrization with (14) makes the Hamil-
tonian action
S = SM − Sp =
∫
[πA∂tφA −NH− β
kHk]d
4x (21)
−
∫
⋆[⋆T∗ ∧ (dP − eαn
(α)
µdx
µ)].
Use the parametrization implied by (9): n(0)t = N ,
n(a)j = δ
a
j , and n
(a)
t = δ
a
kβ
k, with all others zero.
Variation of N leads to
3
H− T 00g
1/2 = 0 (22)
while variation of βk leads to
Hk − T
0
kNg
1/2 = 0. (23)
The energy and momentum densities no longer vanish
but equal the appropriate stress tensors. Since the met-
ric is only partially parametrized, only the energy and
momentum densities arise.
Covariance of the Lagrangian guarantees that the
other components of the stress tensor will be found by
parametrizing the other components of the metric. The
non-covariant form of the Hamiltonian action hides this
fact, but it is easily verified by using a covariant canon-
ical formalism [2,18] and suitably parametrizing a back-
ground orthonormal frame.
The situation in gravity can now be explained. The
traditional ADM Hamiltonian formulation of general rel-
ativity uses the partially parametrized metric (9) and
obtains an action of the form (17) with φA replaced by
gij and π
A by the momentum conjugate to the metric,
πij . For this reason, the action for relativity is some-
times referred to as “already parametrized.” When the
lapse and shift are varied, the Hamiltonian (energy) and
momentum densities are found to vanish. The lapse and
shift are not free, however, but restricted by their role in
the parametrization. This parametrization must be fixed
using a Lagrange multiplier as in (14). The results are
the same as in field theory (20)-(23). The action is not
“already” parametrized (cf. also [19]). The Hamiltonian
and momentum densities are specified initially and then
propagated by the Bianchi identities (2) [1].
Furthermore, because the original Hilbert action is co-
variant, the entire metric should be parametrized. It is
not enough to parametrize only the “time” direction us-
ing the lapse and shift. This implies that, from the stand-
point of the passive transformations of the parametrized
theory, the entire metric simply fixes a reference back-
ground (just as it does in field theory). This point is made
forcefully in a tetrad formulation of gravity, where the
background orthonormal metric is clearly non-dynamical.
Finally, the term
∫
⋆[⋆T ∗ ∧dP ] in (21) looks like it is
a surface integral because d(⋆T∗) = 0, but unfortunately
dP is only formally an exterior derivative. Thus, while
one is tempted to use Routh’s procedure to reach a Jacobi
form of the action, this cannot be done. A reason under-
lying this is that ∇µTµν = 0 cannot be integrated to a
conservation law for energy and momenta unless Tµν is
contracted with an appropriate Killing vector ξν . Such
a Killing vector is not always available, and gravity is
generically time-dependent.
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